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Abstract. Monte Carlo simulation is a common method for studying the volatility of market
traded instruments. It is less employed in retail lending, because of the inherent nonlinearities in
consumer behavior. In this paper, we leverage the approach of Dual-time Dynamics to separate
loan performance dynamics into three components: a maturation function of months-on-books, an
exogenous function of calendar date, and a quality function of vintage origination date. Of these
three, the exogenous function captures the impacts from the macroeconomic environment. As such,
we might naturally want to generate scenarios for the possible futures of these environmental impacts.

To generate such scenarios, we must go beyond the random walk methods most commonly ap-
plied in the analysis of market-traded instruments. Retail portfolios exhibit autocorrelation structure
and variance growth with time that requires more complex modeling than a random walk. This pa-
per describes work using ARMA and ARIMA models for scenario generation, rules for selecting the
correct model given the input data, and validation methods on the scenario generation. We find
when the goal is capturing the future volatility via Monte Carlo scenario generation, that model
selection does not follow the same rules as for forecasting. Instead, test more appropriate to repro-
ducing volatility are proposed, which assure that distributions of scenarios have the proper statistical
characteristics. These results are supported by studies of the variance growth properties of macroe-
conomic variables and theoretical calculations of the variance growth properties of various models.
We also provide studies on historical data showing minimum training lengths and differences by
macroeconomic epochs.
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1. Introduction. When modeling retail loan portfolios, making a forecast for
what one expects to happen in the future is confounded by external drivers on perfor-
mance. Every forecast, whether implicitly or explicitly, is incorporating a scenario for
what the future environment will be. Intuitively, we know that the macroeconomic
environment affects consumers and therefore delinquency and default rates. Although
we might explicitly incorporate a scenario for the future macroeconomic environment,
our uncertainty in that scenario is naturally quite high. Predicting the economy is
significantly more difficult than predicting the retail loan portfolio.

Scenario-based forecasting models are better suited to modeling retail loan port-
folios. Rather than attempting to predict both the economy and the portfolios’s
delinquency response in a single composite model, we accept a scenario for the econ-
omy and model the portfolio’s response. One can use in-sample / out-of-sample tests
to validate the forecasting model, but measuring the uncertainty of the macroeco-
nomic scenario presents greater challenges. In this paper, we investigate the use of a
Monte Carlo scenario generator to create a distribution of plausible scenarios centered
around the "most-likely” scenario over the forecast period provided by the analyst.
From this distribution we can measure probability bands and the likelihood of extreme
events. This is a point-in-time approach to creating the distribution. Methods that
randomly sample the performance of any historic period are described as through-
the-cycle models, and are not considered here.

The recent emphasis on computing economic capital has also brought a renewed
emphasis on scenario-based forecasting. The dynamics underlying retail portfolios are
far from simple linear systems. For example, a model to predict Net Default Loss for
purposes of measuring economic capital might employ the following key rates:
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) DR(t) = Default Accounts(t)/Active Accounts(t — 1)
) EAD(t) = Exposure(t)/Default Accounts(t)
) LGD(t) = (Exposure(t) — Recoveries(t))/Exposure(t)
) AAR(t) = ActiveAccounts(t)/Active Accounts(t — 1)
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Where DR is the loan default rate (the aggregate version of probability of default,
PD), EAD is the exposure at default, LGD is the loss given default, and AAR is the
active account rate. The latter is not a member of the standard Basel II set, but we
find it useful in creating long range forecasts incorporating attrition or prepayment.
Each of these metrics is measured and modeled at the vintage level using the Dual-time
Dynamics (DtD) approach described in Breeden, 2007 [6]. That approach has strong
similarities to Age-Period-Cohort models [20, 15|, Two-Way Proportional Hazards
Models [11], and Generalized Additive Models (GAM) [18].

Following the method of DtD, we analyze all of the available vintages simultane-
ously in order to decompose each of the key rates using the following formulation

(1'5) r(a,t, 'U) = fm(a) * fg(t> * fq(v)7

where r is the vintage performance rate, f,,(a) is the maturation function of months-
on-book, a, f,(t) is the exogenous function of calendar date, ¢, and f,(v) is the
quality function of vintage. We have the further relationship that a = t — v. The
functions f,(a), fg(t), and fy(v) are estimated from a set of vintages by assuming the
relationship in equation 1.5 and solving for the unknown functions non-parametrically.
The decomposition does not require any external data such as macroeconomic data or
credit scores. Instead, we leverage the structure present in the vintage performance
data.

For the rates defined in Equations 1.4, the result is four exogenous curves fy(t).
Forecasting occurs by extrapolating those exogenous curves over the desired forecast
period. Extrapolation can occur via business intuition, models related to macroe-
conomic factors, or in this context via Monte Carlo scenario generation. Once a
scenario is provided, it is combined with the known maturation and quality functions
to forecast each vintage.

Forecasts for the key rates are combined via a simulation layer to obtain forecasts
for Net Default Losses.

(1.6) Active Accounts(t) = A?(R(t) x Active Accounts(t — 1)
(1.7) De fault Accounts(t) = El/%(t) * ActiveAccounts(t — 1)
(1.8) Exposure(t) = EAD(t) * De fault Accounts(t)
(1.9) NetDefaultLosses(t) = L/C\?/D(t) x Exposure(t)

Because the maturation and quality functions have significant nonlinear structure,
the final Net Default Loss forecast is a combination of many nonlinear functions. For
that reason, we cannot determine easily what the final loss distribution will look like
just by considering the input distributions for the exogenous curves. Instead, we
use a Monte Carlo approach where we generate a scenario for the exogenous curves,
forecast the portfolio given that scenario, and collect the distribution of the final Net
Default Loss forecasts. Economic capital can be read off of the cumulative distribution
function (CDF) for Net Default Losses at the desired solvency level.



The scenarios being generated also have other uses beyond computing economic
capital. Portfolio managers will often ask to see a ”worst case” scenario. Using this
framework, we can pull individual scenarios from the CDF to show the environment
required to create a one-sigma (84%), two-sigma (97.7%), or three-sigma (99.9%) loss
event.

In stress testing applications, economic data providers will often provide a ”worst
case” scenario, but without providing a specific probability of occurrence or severity
measure. By comparing the impact of the economic scenario to the Monte Carlo
distribution, we can derive a calibration of how severe the scenario is relative to the
range of possible scenarios.

2. Monte Carlo Simulation. Monte Carlo simulation is a standard approach
in derivatives pricing, mortgage pricing [5], many other areas of finance [21] and
beyond [10]. In the majority of these applications, the models can be quite complex,
but the Monte Carlo Scenario Generator (MCSG) is little more than a random number
generator. Emphasis is placed upon creating the correct distribution from which to
sample, but overall the MCSG is trivial.

Market traded instruments illustrate well why the MCSG can be simple and
effective. Models of tradeable instruments are usually driven by scenarios for the
series of returns for the instruments being modeled. Analysis consistently shows
that although the distribution of returns can be skewed and fat-tailed, the returns are
temporally independent, i.e. no autocorrelation structure exists above the transaction
cost floor. Of course, not all studies take the simple approach. Bollerslev [4] and
French, Schwert, and Stambaugh [14] were among the first to consider correlated
noise processes, such as MA(1) and ARCH / GARCH, for modeling stock returns.

Our situation is different from the tradeable instruments examples. The simula-
tion model in Equations 1.5 and 1.9 is trivial when compared to derivative pricing
models, but the scenarios for the exogenous curves that will drive our simulation
are more complex. Simple tests show that the exogenous curves typically exhibit
significant autocorrelation structure. The exogenous curves are primarily capturing
the response of consumers to external macroeconomic conditions and account man-
agement policy changes. As such, their behavior is not ”traded” and therefore no
arbitrage models are in place to trade-away the autocorrelation structure as occurs
in market traded instruments. Consumer behavior will be at least as autocorrelated
as the economy and management to which they are responding. Observation shows
that consumers are even more autocorrelated than the related macroeconomic in-
dicators, because consumer balance sheets carry a certain amount of cushion and
therefore change more slowly than related measures such as GDP. For a discussion of
the relationship between consumer behavior and macroeconomic factors, see [7].

To generate scenarios consistent with the observed historical structures, we will
consider here the ARMA and ARIMA classes of models, although others are certainly
possible. We employ a set of test criteria to verify that the model chosen was sufficient
to generate scenarios statistically equivalent to the observed history.

3. Monte Carlo Scenario Generator. To address the problem described
above, we created a univariate Monte Carlo scenario generator. We begin by fitting
the model parameters over the historic data, preferably using an AICC statistic [8]
to prevent the inclusion of too many lags and thus prevent overfitting. The in-sample
model residuals, €(t) are collected into an error distribution to be used in scenario
generation.



Scenarios are generated month-by-month from

(3.1) Folt +1) = F(fy(t)ip) +e(t +1)

where F'(fy(t);p) is the ARMA or ARIMA function applied to the exogenous curve
values up to the current month, p are the model parameters, and e(t+1) is the stochas-
tic term sampled from the distribution of model residuals. The forecast for fg(t +1)
is then included in the model input when forecasting time ¢ + 2, etc. This process
iterates until the desired horizon is reached, thus generating a single scenario. Addi-
tional scenarios are created by rerunning the process with a new series of stochastic
terms €(t).

Properly capturing the stochastic terms is important. To make sure that we
are allowing for extreme values that may not be present in the historic data, it is
reasonable to create a functional fit to the residuals distribution and sample from
that function rather than directly from the tabulated residuals. One obvious choice
is a normal distribution, and we usually find that this is sufficient to explain the
distribution. For generality, we also compute skew and kurtosis for the distribution
and use a Normalized Inverse Gaussian distribution [2, 19] when we find skew and
kurtosis to be statistically significant. Other distributions are, of course, possible,
but there is rarely any empirical need for exotic distributions to explain the observed
residuals. Still, given the limited data, some practitioners may wish to consider other
hypotheses.

Another important consideration is the choice of form for the function F(f,(t);p).
In our case, the question is whether an ARMA or ARIMA class model should be used.
This is a non-trivial question, which is handled at length in the next section.

4. Model Selection and Validation. Key to any modeling exercise is vali-
dation. A suitable set of validation tests guides us in model creation. In the case
of modeling the volatility of retail loan portfolios, we do not have sufficient data to
conduct in-sample / out-of-sample tests of the generated variance. Most training
datasets are five to seven years long, capturing a single recession at most. All this
data is needed for model calibration. A one-year out-of-sample test of the Monte
Carlo generated distribution would require one-year data segments to create a dis-
tribution. Just to validate the standard deviation of the distribution would require
dozens of years of data. A simple one-year out-of-sample snapshot amounts to a single
realization and, although a reasonable test of a forecasting model, it is insufficient to
validate a distribution.

The same situation prevails for all volatility models of retail lending. The Basel
IT guidelines pursue validation via multiple models. [3] By creating a separate stress
test model, they seek to show that the results of the stress test model simulating
various recessions will fall in the appropriate region of the volatility distribution.
The second proposed validation method is to create a data-driven model of economic
capital to compare against the results of the regulatory capital model. These methods
are certainly appropriate for this Monte Carlo model of volatility. In fact, a major
use of Monte Carlo simulation model described here is as the second model against
which regulatory capital is validated.

Beyond just comparing against other models, our only options are component
validation and verifying that the scenarios generated are statistically similar to the
historic data.[21] To this end, we can employ separate tests of the forecast model
and the MCSG. The following list of tests cover the range from testing the modeling
algorithm to testing the specific application to a given data set. As such, Tests 1, 2,



3, 6, and 7 are run just to verify the algorithms. The others should be conducted to
verify the specific results.

Forecast Model Validation Tests.

1. Extracting structure from known data sets
Alternating vintage
Bootstrap validation of the estimation process
Old vintage / new vintage
Ideal Scenario Validation

CU @

Monte Carlo Validation Tests.
6. Extracting structure from known data sets
7. Bootstrap validation of the estimation process
8. No significant auto-correlation in the in-sample residuals
9. Forecast scenarios match the historic monthly changes
10. Forecast scenarios match the historic autocorrelation behavior
11. Variance growth rate of scenarios matches the historic data
One test not listed is the Dickey-Fuller test [12]. We mentioned earlier that we
have a choice in our MCSG of whether to use an ARMA or ARIMA model. The
Dickey-Fuller test or other related tests are often employed in order to determine
if a time series should be modeled directly or modeled against the first differences.
These unit root tests are specifically designed around choosing the best approach for
creating forecast models. Since the application here is not forecasting, but rather
scenario generation for purposes of creating the distribution of possible futures, we
need to consider whether other tests are more suited to the task. Rather, we suggest
choosing between ARMA and ARIMA type models on the basis of which generates
scenarios with the best match to the statistical properties of the historic series.

4.1. Test 1: Extracting Structure from Known Data Sets. When data
sets are created artificially to possess maturation, exogenous, and vintage quality
dimensions, we expect DtD to be able to capture this structure. This is an obvious
test for any modeling procedure, and an example of this test was published by Breeden,
2007 [6]. Any model implementation should recreate this test.

4.2. Test 2: Alternating Vintages. DtD assumes that all the vintages within
a given segment share the same maturation and exogenous curve. Therefore, by
splitting the segment in half and analyzing each subsegment independently, we should
observe the same shape maturation and exogenous curves to within the estimation.
The alternating vintage approach ensures that the same time period is analyzed in
both subsegments, but that no data is shared between them. This test confirms that
the vintages are coming from an underlying process that can be reliably observed with
DtD.

A visual inspection of the curves including the uncertainties is often sufficient
to identify clear structural problems. However, statistical tests are also available
to confirm this. We can test whether the two subsegments are creating models of
equivalent accuracy by employing the Granger-Newbold or Diebold-Mariano tests.

Granger and Newbold [16] developed an approach for determining if two models
are significantly different that applies for series which may have cross-correlated errors.
To apply their test, let f2 (a) be the curve obtained from the "odd” vintages, f¢,(a)
is the curve from the ”even” vintages, and f,,(a) is the curve obtained from the full
data set. In a well-formed problem, f2 (a) = f£,(a) = fm(a), so we want to determine
if the deviations of the odd and even curves from the full curve are significant.



To apply their approach, let

(4.1) em(a) = fr(a) = fm(a)
2 em(a) = fr(a) = fm(a)
and
(4.3) Ta = €(a) + €, (a)
(4.4) zq = €0 (a) — €, (a)

Then they compute

45 GN = Lz
( ) \/(1 - TmZ)(N - 1)

where 7., is the correlation between the two series z(a) and z(a). The GN statistic
has a t-distribution with degrees of freedom N — 1 where N is the length of the series.
If this measure is statistically different from zero, then the models are not equivalent
in their accuracy and the stability test fails.

The GN test statistic uses a quadratic function of the errors to compare accuracy.
This test has been generalized to any accuracy measure by Diebold and Mariano, a
common choice being absolute error[9]. Given an objective function g(e) the mean
modeling error is

1 X
(4.6) d= Z lg(en,(a)) — g(er,(a))l

For models of equivalent accuracy, d = 0 . To test whether d is significantly
different from zero, we compute

d
Vo + 2y -+ 27)(N +1)

(4.7) DM =

where the correction for forecast horizon drops out since we are comparing explanatory
models.
If we let 7; equal the i-th auto-covariance of the sequence,

(4.8) di = g(e7,(a)) — g(€r,(a)),

then the DM statistic is a t-distribution with N — 1 degrees of freedom. If the result
is significantly different from zero, then the models are not equivalent.

Either the GN or DM tests can be used to compare the maturation or exogenous
curves to determine if they are statistically equivalent.

4.3. Test 3: Bootstrap Validation. DtD as described in [6] uses a hybrid
nonlinear / non-parametric, iterative estimation process. This complexity means that
the properties of the estimator cannot be solved in closed form. In such cases, a
bootstrap estimation process is standard [13]. The goal is to show that the analysis
of the full data set falls in the center of the results obtained from the bootstrapped
data sets. The Alternating Vintage test is a simple case of this, but the full bootstrap



Bootstrap Tests for Early Delinquency Rate
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FiG. 4.1. Independent analyses of 100 bootstrap runs with a 50% sampling rate.

test is more powerful at determining that the estimation process provides unbiased
results.

A boostrapped data set is created in this context by randomly sampling with
replacement from the original data set. Each bootstrap data set is therefore a sub-
sample of the original data set. As with the alternating vintage test, selecting a subset
should not alter the maturation or exogenous curves in shape, although the scaling
of the curves can change.

4.4. Test 4: Old Vintage / New Vintage Comparisons. The Alternating
Vintage test (Test 2) and Bootstrap test (Test 3) compare a random sampling of
vintages to verify estimation stability. These tests cannot check for segment drift
over time. One of the most common reasons for poor performance of DtD is that
the segmentation is not stable. If a bank significantly shifts their distribution of new
originations, but leaves all the accounts in a single segment, the true maturation curve
for the old vintages might be different from that for the new vintages.

Examples include shifting from prime to subprime, going from 5-year term loans
to 7-year terms, or introducing a new no-payments-for-12-months program. In each
of these cases, the possibility of a significant shift in originations mix means that the
segment should be split along the dimension in question.

The test is trivial to conduct. The data is split into two parts separating the old
vintages from the new vintages. FEach group is analyzed independently. The overall
scaling of the maturation curves can shift during the time periods, but with a stable
segmentation, each subsegment should show the same shape maturation curve.

Since the maturation curves were estimated from temporally distinct data seg-
ments, they may have different calibration levels. We are trying to determine if the
nonlinear structure of the curves is equivalent, but simple linear scalings between the
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Fic. 4.2. Comparisons of the full data set analysis to the median of the bootstrap samples.
Divergences in the tail of the curve occurs because the bootstrap samples run out of data in that
region. When the data thins out, the curves are extrapolated, leading to estimation errors.

curves are unimportant. If we first normalize the curves to an equivalent range, we
can apply the Granger-Newbold or Diebold-Mariano tests described previously.

We can also take a somewhat different perspective by computing a distance metric
between the two curves. Measuring the distance between curves can be very helpful
when trying to find the optimal segmentation for a portfolio. At each point along the
maturation curve, we estimate both the value f,,(a) and the uncertainty in that value
om(a). We can compute error-normalized distance between the old vintage maturation
curve f2(a) + 02, (a) and the new vintage maturation curve f7(a) &+ o (a), as

fnla) = fin(a)

4.9 don =
4 op.(a)® + o7, (a)

This is also the formula for the Unequal Variance Students t-Test, and in effect
we are testing whether these points are statistically different.

The component distances, d,,, can be combined into a single distance between
the two curves using one of the standard metrics, such as the Ly, Lo, or Ly,-norm.
The Li-norm will likely be most robust to noise, which is often important in our
application.

As before, the same set of tests can be applied to the exogenous curves to verify
that those components are also statistically equivalent.

4.5. Test 5: Ideal Scenario Validation. DtD was developed as the basis for
scenario-based forecasting. When creating a forecast, we take the maturation and
vintage quality as estimated from the historic data. The exogenous curve, however, is



a measure of the macroeconomic environment. As such, we expect this to differ over
the out-of-sample period. To create a forecast, the analyst would supply a scenario for
the future exogenous curve, as well as scenarios for the volume and quality of future
vintages.

With a simple time series model, the standard measure of accuracy is to conduct
an out-of-sample test. Train the model on one time interval and test the forecast
over another time interval. With any scenario-based forecasting model, the situation
is more complex. We want to be able to distinguish between model error associated
with estimating maturation and quality in-sample, and scenario error related to the
exogenous scenario used out-of-sample. Any model that uses macroeconomic data as
an input would have a similar need to separate sources of error.

The out-of-sample testing method employed with DtD is the Ideal Scenario Vali-
dation (ISV). For an ISV, an in-sample data set is used to measure all the model com-
ponents. A second out-of-sample data set is analyzed to obtain the exogenous curve
during that period. Vintage-level forecasts are then run using the known maturation
and quality functions and the out-of-sample exogenous curve as the ideal scenario.
DtDs assumption that a segment can be decomposed into maturation, exogenous,
and vintage quality is dependent upon the data being provided. A poor segmentation
can be unstable with respect to the maturation or exogenous curves, resulting in poor
out-of-sample validation. The ISV measures the accuracy of the decomposition and
forecasting given a known scenario for the environment. In essence, it measures model
accuracy separately from scenario accuracy. This validation approach is appropriate
for any scenario-based forecsting method.

Of course, the analyst will not be able to recreate the ideal scenario during an
actual forecast. A good analyst will save past scenarios originally created by study-
ing macroeconomic trends and business policy changes and compare them to what
actually happened in order to access scenario creation accuracy.

ISVs are typically measured on a 12-month out-of-sample period for each segment.
This results in a single error sample for each segment. Routine data anomalies can
cause unusually high or low values for the ISV result. Therefore, one should consider
collecting ISV results across all available segments and comparing. Model error has
been found experimentally to scale with
length of training data

e number of training vintages
e cvent rate
e forecast horizon

In cases where the ISV result is poor, Test 4 (old vintage / new vintage) is an
appropriate diagnostic tool. If the ISV is good, one may assume that the segmenta-
tion is acceptable. In some cases, businesses will accept a somewhat worse ISV result
even when Test 4 shows some weaknesses in order to maintain alignment with inter-
nal business processes or to avoid increasing the modeling error by over-segmenting
already thin segments.

4.6. Test 6: Extracting Structure from Known Data Sets. Just as was
done in Test 1, the MCSG should always be tested to verify that it can learn the
structure from known test series prior to application to unknown series. In many
cases this will be a trivial test, but with the presence of autocorrelation structure in
the exogenous curves, the MCSG will necessarily be more complex and tests such as
this become more valuable. We routinely perform such tests. Passing simply requires
that the ARMA and ARIMA models be properly constructed.
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F1G. 4.3. Bootstrap tests for UL / EL. Sub-segments represent a 50% sampling of the original
data set. The bootstrap mean and full simulation result agree to within estimation error. The
distribution represents 75 runs of 5,000 scenarios each. The red line is a LogNormal fit to the
distribution.

4.7. Test 7: Bootstrap Validation. The Monte Carlo Bootstrap test follows
directly from the DtD Bootstrap test. Each bootstrapped subsegment is fed into DtD
to create a baseline scenario as discussed earlier. Those files are then fed into the
MCSG to measure the spread of volatility that results and verify that the result for
the full data set is in the center of the distribution created from the bootstrapped
subsegments. Because the sub-segments have less data than the full segment, the
uncertainty will be higher, i.e. the distribution of measured volatility can be quite
wide, but passing the test simply requires that the full result be centered.

Passing this test verifies that the MCSG is producing unbiased results relative to
the original baseline scenario. The following is one such example.

4.8. Test 8: Monte Carlo Model Residuals Show No Auto-Correlation
Structure. The MCSG is configured specifically to capture the statistically signifi-
cant auto-correlation structure in the external series being simulated. Assuming that
the model was properly created, there should be no significant auto-correlation present
in the model residuals. The Durbin-Watson statistic [17] can be used to test for a cor-
relation with a one-month lag. More generically, computing the full Auto-correlation
function will help verify that no significant model errors occur for any lag.

4.9. Test 9: Monthly Differences of the Generated Scenarios Match the
Historic Data. After the Monte Carlo scenarios have been generated, they can be
compared to the historic data to make sure the the model is accurately reproducing the
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observed structures out-of-sample. The most basic test is the distribution of monthly
changes in the scenarios as compared to that observed historically. These distributions
need not be Normal, but they should agree to within estimation error. A Kolmogorov-
Smirnov (K-S) statistic [22] is one such suitable test of agreement between the history
and the scenarios. As mentioned earlier, we do not have sufficient data to validate
the distribution over a one-year forecast, but this test is equivalent to validating the
distribution for a one-month horizon.

4.10. Test 10: Autocorrelation Function of the Generated Scenarios
Match the Historic Data. The scenarios are generated with the intent of capturing
the significant in-sample autocorrelation structure. Comparing the aggregate ACF for
the generated scenarios to the in-sample ACF provides a test of the effectiveness of
the scenario generator. In doing this comparison, we must pay attention to the model
used for the scenario generator. For an ARMA model, the ACF test is performed on
the original series. When an ARIMA model is employed, the ACF must be computed
on the differenced series.

4.11. Test 11: Time Scaling of Variance. To choose an appropriate class of
models for scenario generation, we considered several properties of the historic data.
Although we want to create scenarios that match as many properties of the historic
time series as possible, the ultimate goal is to create a distribution of possible futures
consistent with the historic distribution. Being able to reproduce the historic time
scaling of variance via the generated scenarios is essential to ensuring that measure-
ments such as economic capital will be correct.

Choosing the correct model for the Monte Carlo scenario generator does not
require that the scenario generator be run. By measuring the rate of growth of the
variance in the historic external series, the appropriate model can be selected. If the
variance grows faster than the square-root-of-time, then ARIMA is the required. If
the variance grows as the square root of time, then a random walk model is prescribed.
If the variance grows slower than the square-root-of-time, then an ARMA model is
appropriate.

To investigate this further, we studied the time scaling of variance for a range
of ARMA and ARIMA models theoretically and in numerical experiments, and com-
pared those to available retail loan data and macroeconomic data. To begin with, we
derive the time scaling of variance for some ARMA and ARIMA models. The detailed
calculations of variance growth rates for these models are included in the Appendix.

MA(1). If T =1, then
(4.10) E (($t+T - ﬂﬁt)Q) = U?r = 20° (¢2 —o+ 1)

where o is the variance across multiple periods, and o2 is the one-period variance
for a series where the monthly differences are IID. ¢ is the MA(1) parameter.
Similarly, for T' > 1, we find

(4.11) 0 =20" (¢° +1)
Except for T = 1, or is constant as a function T'.
AR(1).
1—a”
4.12 7 =207
( ) or o 1— 2

where « is the AR(1) parameter.
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Random Walk.

(4.13) 0% =To?
ARIMA (0,1) or MAI(1).
(4.14) o =0 (T¢*+2(T - 1)¢p+1)

ARIMA(1,0) or ARI(1).

5 5 Ta? a? = i ,
(4.15) ot =0 T+1_()[2+2<1_a2+a>;a(Tz)

Past experience with retail lending portfolios has shown that the variances in-
volved for default rates typically do grow faster than the square-root-of-time, so the
expectation is that ARIMA models will be required. However, this is not a require-
ment as the other types may be selected when appropriate. The ideal situation would
be to test the available history for each variable and segment directly. Unfortunately,
the typical bank time series is too short to support these time-scaling-of-variance
tests.

One alternative is to leverage the econometric stress testing models created for the
exogenous curves [7]. These models are typically used to extrapolate the exogenous
curve given a macroeconomic scenario. However, they can also be run backward, as
shown in Figure 4.5, to create an estimate of what the impact of past macroeconomic
environments would have been on a portfolio such as exists today. We can then study
the properties of this index as a proxy for the behavior of exogenous curves through
those economic cycles.

Backcast Environmental Impacts on Consumer Delinquency

40%

>

30%

———

20% -

10% - J/KA
0% +
10% A m “ m

:20%7’ FU\/‘VV \V/VWJ vu

Relative Environmental Impact

-30% -

-40% T T T T T T T T T
1956 1960 1964 1968 1972 1976 1980 1984 1988 1992 1996 2000 2004

Fic. 4.4. Ezogenous curve capturing environmental Impacts for a US Default Rate was cali-
brated to macroeconomic factors (Unemployment, GDP, and Interest Rates) and backcast to 1955 to
show what environmental impacts on a modern consumer portfolio would have looked like in previous
macroeconomic environments.

The following figure shows the results of one such test. This example is for a
US Default Rate index backcast to 1955, Figure 4.4. The standard deviation growth
is greater than /T, which implies a greater-than-random-walk growth rate and thus
requiring an ARIMA class model.
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Fic. 4.5. Example of a Variance Growth Test. The weighted power law fit to the observations
results in a relationship indicative of ARIMA models.

5. Example of GDP by Country. Since we often find the GDP growth rate
series to correlate well to the default rate exogenous curve, we tested series from
multiple countries to see which Monte Carlo model would be selected. Table 5.1 lists
the countries tested. For each, we computed the year-over-year percentage growth in
GDP. Some of these series are plotted in figure 5.1.
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Fic. 5.1. Time series of GDP year-over-year growth rates for some countries analyzed.

The series plotted clearly do not have any significant long term trend. Therefore,
when the Dickey-Fuller test is applied, it would fail to require differencing for the
modeling. Most practitioners would then default to an AR model of the original
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series rather than differencing as is done with ARIMA models.
Conversely, our task is to choose a model that creates the best distribution over
the next year (for economic capital) or few years (for lifetime capital needs). Using

these series, we computed F ((:ZJH_T - xt)2> for T € [1,24] to produce a data for

each series analogous to what is shown for the US in figure 4.5. The time scaling of
variance for the different models as shown in section 4.11 is not exactly a power law
for any but the random walk. However, fitting a power law to the data provides an
approximate metric for selecting between the models. Table 5.1 lists the exponent
when fitting op = aT®. b is the estimation error in b at 95% confidence.

Country Data Range Power (b) Uncertainty (6b) DF Prob.
Australia Jan-1980 to Dec-2006 0.588 0.06 0.0054
Canada Mar-1982 to Dec-2006 0.715 0.06 0.0197
France Mar-1982 to Dec-2006 0.774 0.03 0.0394
Germany Mar-1982 to Dec-2006 0.54 0.038 0.0083
India Apr-1994 to Dec-2006 0.435 0.11 0.0694
Japan Mar-1982 to Dec-2006 0.688 0.078 0.0286
Korea Jan-1989 to Dec-2006 0.57 0.054 0.004
Mexico Mar-1982 to Dec-2006 0.548 0.053 0.0052
South Africa  Jan-1998 to Dec-2006 0.168 0.59 0.0064
United States Mar-1982 to Dec-2006 0.685 0.034 0.0091

TABLE 5.1

A comparison of the power law growth rate of the variance to the Dickey-Fuller test result.
These were applied to GDP growth rate series for various countries. In all but two cases, the
variance growth rate suggests an ARIMA model is required, even though a Dickey-Fuller test would
indicate that modeling the differenced series is not necessary for forecasting.

This table shows that in all cases except India and South Africa, the time scaling
of variance is greater than square root of time. Indian and South Africa were two of
the shortest data sets, and given the uncertainty intervals we cannot determine what
model is required. For the other countries, to generate scenarios that will recreate
the observed behavior, we must use ARIMA class models, since ARMA models have
strictly less than square-root-of-time variance growth.

To reiterate a key point, the apparent disagreement between the Dickey-Fuller test
and the time scaling of variance test occurs simply because they are asking different
questions. In our situation, the time scaling of variance test would appear to be most
directly relevant.

6. Best Practices.

6.1. Minimum Number of Scenarios. Since one of our primary goals in gen-
erating scenarios is to measure the distribution of possible outcomes, we need to
explore how many scenarios are required to measure the distribution accurately. Ob-
viously, the more scenarios generated, the more certainty we have when measuring a
point along the cumulative probability distribution. To determine a suitable number
of scenarios to achieve the desired accuracy, we constructed a test problem with a
known LogNormal distribution. To create an example that has similar properties to
what occurs in economic capital calculations for retail portfolios, we calibrated the
test distribution to have a median of 1 and width such that the 99.9% point on the
cumulative distribution has a distance of 1 from the median. In capital terms, this
can be expressed as Expected Loss (EL) = 1 and Unexpected Loss (UL) / EL = 1.
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We then began randomly sampling points from the known distribution in order to
create a tabulated cumulative probability distribution. The point is to see how many
samples are required in order to achieve a match between the original distribution and
the tabulated distribution at various points along the distribution. This is equivalent
to assuming a perfect model and testing the sampling error.

Error in Estimating Points on the Cumulative LogNormal
Distribution
100.0%
o
= ——
LLi \
[} 10.0% *\\
5‘ ~ x i
B e \\\ \
< 1.0% - \:Q\\\
c V70 . ~— % i
g SN
S w2
\_\\L\»
0.1% ‘ ‘ =
10 100 1,000 10,000 100,000
Number of Simulations
——0.5 =—0.7 0.8 0.9 ===0.95 ===0.99 ===0.995 ====0.999 = 0.9995

Fic. 6.1. Each line represents a point on the cumulative probability distribution, showing how
error decreases as the number of scenarios increases.

Figure 6.1 shows the result of this analysis. Each line represents one point on the
cumulative probability distribution. The 0.99 line shows the 99th percentile on the
distribution, and the average measurement error obtained when drawing the number
of random samples shown on the x-axis. For the 99% line, a 5% error is attained
after only 150 scenarios, 2% error is achieved with 1,000 scenarios, and a 1% error is
obtained with 5,000 scenarios. Since economic capital is usually measured at the 0.999
point on the cumulative probability distribution (a 99.9% solvency level), running
10,000 to 30,000 scenarios will provide an uncertainty of 1% to 2%. Given that the
ISV errors are typically greater than 2%, 20,000 scenarios appears to be a reasonable
compromise between accuracy and computational effort. Volatility measurements for
business planning or portfolio optimization usually focus on the 1 in 10 year events,
i.,e. the 90% point on the distribution. For such studies, as few as 1,000 iterations
will provide better than 1% error.

Figure 6.2 summarizes the results of Figure 6.1 by showing how many scenarios
are required to achieve a 1% error in the result. In order to show this on a log-log
scale, the x-axis is plotted as 1- Solvency, where the lines in Figure 6.1 represent
different solvency levels.

6.2. Minimum Training Data. When insufficient training data is available,
volatility measurements could underestimate the intrinsic long-run volatility of the
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F1G. 6.2. Number of simulations required to achieve 1% error or less when measuring a given
point in the tail of the cumulative probability distribution.

segment. To test this possibility, we used the same backcast series described in Test
11 that calibrated retail portfolios to macroeconomic indicators and ran those indices
backward in time. By then taking many training subsets of different lengths from
various environments, we created UL to EL ratios and compared them to the values
obtained when all the data was available. The following figure shows that training
on very short data sets (three years or less) can produce a result that is significantly
biased toward underestimating the volatility. Volatility here was measured at the
99.9% level.

Aside from the bias, we also estimated the spread of the UL / EL estimates as a
function of the length of the training data. The bias can be seen to be quite large again
for the very short data sets. For a typical data set with seven years of training data,
the bias is insignificant. Training over different macroeconomic periods is the largest
contributor to uncertainty in the UL / EL ratio, so the following test is specifically
constructed to investigate this term.

In contemplating this result, one should consider that five years of data represents
roughly one macroeconomic cycle. Another reasonable interpretation of these results
could be that at least one full macroeconomic cycle is required to obtain a stable
estimate of volatility.

6.3. Stability Over Different Macroeconomic Eras. Since most retail lenders
only have data representing the last recession, one must ask whether training on a
single recession is representative of the volatility obtained if we had modeled past re-
cessions instead. Since US institutions do not have sufficient data to extract exogenous
curves for previous recessions directly, we once again use the approach of modeling the
exogenous curve with macroeconomic data, and then extrapolating backward what
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F1G. 6.3. The blue line shows the divergence of UL / EL from the long run value as the training
data gets shorter. The orange line shows how the uncertainty in the UL / EL estimate increases
for short data sets.

the macroeconomic impacts on retail lending would likely have been, Figure 4.4. Us-
ing the resulting index, we trained the MCSG on ten-year windows of data, predicted
the volatility for the following two years, and then moved forward by two years to
repeat. When this test was performed, the most striking result was the change that
occurred around 1984. When data prior to 1984 was trained on, the results were very
consistent across recessions. When data entirely after 1984 was employed, another
internally consistent result was obtained, but significantly lower than the previous
volatility.

Figure 6.4 summarizes this information by comparing the average separation be-
tween 90% and 50% for distributions derived from the pre-1984 and post-1984 epochs.
Within each epoch, the results are quite consistent, but clearly the recent period has
shown significantly less volatility.

The explanation for this behavior is typically expressed as the Greenspan era,
and has been noted in several previous studies in other contexts [23, 1]. The essential
question for financial institutions is whether volatility, and thus economic capital,
should be computed solely on the last 25 years of macroeconomic cycles, or should
older periods be included. This is a governance question, as the MCSG can be run
as needed. Practitioners should note, however, that if only internal experience is to
be used, then they are implicitly selecting just the modern era. To train on older
recessions, macroeconomic data must be incorporated as well.

7. Incorporating Cross-Correlations. All of the preceding discussion involved
generating scenarios for the exogenous curve time series, f,(¢). Implicit in this dis-
cussion was that there were no significant correlations between time series. Of course,
the real world often has such correlations, so we must consider correlations.

Two distinct situations arise. The first is that different segments can have highly
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training periods.

correlated exogenous curves. This is equivalent to having the same impact from the
economy across multiple similar product segments. Segment correlations are observed
frequently in retail loan portfolio data.

The second situation is where variables within a single segment are correlated.
A concrete example of this is to consider whether DR (or PD), LGD, or EAD are
correlated. This is an important question with Basel II, because the regulatory model
considers volatility only in PD. Because situations may arise where LGD stresses are
correlated to PD stresses, the regulatory guidelines are adopting an approach of using
extreme values of LGD when computing capital. EAD correlations are not currently
included in Basel II. For our purposes, we can generically incorporate any correlations
between these variables.

For either of these situations, we can express the problem as one of having a set of
€X0genous Curves fgi(t) that are correlated. Using a principal components approach,
or even a simple average, we can compute the correlated component fgc (t). Each of
the exogenous curves can be modeled with that component as

(7.1) filt) = a' fE(t) + 0" +n'(t)

where a’ and b® and curve-specific scaling factors and 1’ (t) is the curve-specific residual
time series.

When performing Monte Carlo simulations, the target variables then become the
combined factor, fgc (t), and the idiosyncratic factors, n’(t). More complex forms
are of course possible. When looking across a wider range of segments, we may find
multiple independent factors from the PCA that can be included in the modeling, but
we will always want to make sure that we include the idiosyncratic factors so that no
modeling errors are lost when computing volatility.
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8. Conclusion. In this paper, we have described how to leverage Monte Carlo
scenario generation and the Dual-time Dynamics modeling technique to predict the
future volatility of retail loan portfolios. The technique is straight-forward, but val-
idation of the models is challenging because banks do not possess sufficient data to
conduct an out-of-sample test on a complete distribution of possible futures. There-
fore, we have given significant space to discussing how one might validate the scenario
generation. The approach employed is common in Monte Carlo models where the
generated scenarios are compared statistically to the historic data to make sure that
all significant structure has been captured in the model and is being replicated in
the scenarios. Given the importance of validation in the context of economic capital
models, we should continue to look for additional metrics by which to validate the
models.

Appendix. The section contains detailed calculations of the time scaling of vari-
ance relationships referenced earlier.

MA(1). For an MA(1) model of the form

(8.1) Ty = Per—1 + €
where ¢, is normally distributed with variance o2, we have
(8.2) TyiT — Tt = Q€71+ €47 — PEt—1 — €

If T =1, then

(8.3) (a7 —20)> = 6% + 2perer—1 — 20%€rer_1 — 206} + €11 — 20611161
—2€141€0 + <Z)2e§71 + 206,16, + €2

from which we find

(8.4) E ((xHT - :Et)2> =02 =20 (¢* —$+1)
Similarly, for T' > 1, we find

(8.5) ot =20" (¢* + 1)

Except for 01 < o, or is constant as a function 7.

AR(1). For an AR(1) model,
(8.6) Ty = QTi_1 + €
we perform similar calculations such that
(8.7) 02 = 2a%Cov (24, x1) — 202Cov (x4, T 17) — 20000 (T -1, €1)

Using the formulas for the covariances,

2

g
(88) Cov (.’L‘t7 .'L't) = m
OZTO'2
(89) Cov (It, It_;,_T) = m

(8.10) Cov (x4, ¢,) = a’to?
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we can simplify this expression to

T
51—«

8.11 2 =9
( ) or g 1—a2

This expression shows that volatility grows for with 7', but flattens rapidly as T
increases.

Random Walk. For a random walk process, the well known result is that
(8.12) 03 =Tao?

which is commonly expressed as the deviation of a random walk grows as the square
root of time. This result is commonly used in analyzing stock market returns to
estimate aggregate volatility as the number of samples per interval times the sub-
sampled volatility.

ARIMA(0,1) or MAI(1). For an order 1 ARIMA process, we consider two
cases. An ARIMA(0,1), which could be called an MAI(1) model, is expressed as

(813) Tty = (]56,571 + €
(8.14) Yo = Y1+ Ty

which can also be written as

(8.15) Yt =Yo + Zt: (¢€j-1 +€;)
j=1
Therefore,
(8.16) YerT — Yt = ZT: (Pertj—1 + €vj)
j=1
and
(8.17) (Ye+r — yt)2 = ¢ erzl E?Jrj—l + EJ'Tzl E%-&-j +2¢ ZJT;ll egﬂ'

+ cross-terms in ¢e;y €44 541
This leads to an expression for the variance of
(8.18) 0t =02 (T¢* +2(T - 1)¢p+1T)

ARIMA(1,0) or ARI(1). An ARIMA(1,0), which could be called an ARI(1)
model, is expressed as
(819) Ty = QT¢—1 + €
(820) Yt = Yt—1 -+ Tt

which can be rewritten as

t
(8.21) ve=v0+ Y (az; 1 +¢))

Jj=1
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From this we get the expression

T

(8.22) Yerr — Y = 3 (0o i1 + €pj)

j=1

The variance can then be expressed as

T T T-1 4
(823) 0% =To%+ o> Z Z Cov (T4, Ty ) + Z Z Cov (xyyi, Tiyj)

i=1 j=1 i=1 j=1

which can also be written as

0% = To?+Ta?Cov (xy, 1)
T— . T— )
+2 (on 21:11 Cov (x4, xi4) (T — 1) + « Zi:ll Cov (444, €t) (T — z))
(8.24)
Since
_ 7
(8.25) Cov (x4, x144) = @ T2
(8.26) Cov (¢4, v41i) = a'c?
we find
Ta? a? =
2 _ 2 .
(827) or =0 T+1_062+2(1_042+a);a1(Tl)
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