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Time for commercials
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And now, the talk ;)



From the simple to the complex

Jean-Baptiste
Lamarck
(1744-1829)

"La puissance de la vie tend continuellement a
composer |'organisation. Ce pouvoir essentiel,
inhérent a la vie, tend sans cesse a compliquer
I"organisation” .

(The power of life tends continually to build
organization. This essential power, inherent in
life, constantly strives to make organization
more complex)
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y(xi,- -, xp) = Pixi + Baxa + ... 4 Bpxp

Johann Carl Friedrich GauB
(1777-1855)

Francis Galton
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Generalized Linear Model (GLM)

g(E(YIX =(x1,-..,%))) = Brxat+Bexa+t.. . +Bpxp
)
Linear regression

Logistic regression
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Classification and Regression Trees

From: A. Cutler, D. R. Cutler, J. R. Stevens
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Nowadays, 21st century
19th-20th centuries

Seeking explainability

» Machine Learning applied more and more in high stakes decision making Zafar
et al. (2017); Rudin et al. (2022), even regulated, e.g. EU Al Act Panigutti et al.
(2023).
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P approximating by simple models, e.g. LIME (Local Interpretable Model-Agnostic
Explanation), Ribeiro et al. (2016)

> measuring the importance of attributes: SHapley Additive exPlanations (SHAP),
Lundberg and Lee (2017); Permutation Importance, Fisher et al. (2019);

P counterfactual explanations, e.g. Wachter et al. (2017); Carrizosa et al. (2024b); Kurtz

et al. (2024); Maragno et al. (2024)



Optimization

Source: This Week, 1951
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Counterfactual Explanations. Motivation

Your loan has been denied. Had your salary been 30k instead of 25k and had you had 2
accounts open instead of 4, your loan would have been accepted: The classifier would
have given a probability of 4 above 0.8, which is the threshold defined by the bank
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Score-based classifiers
(Carrizosa et al., 2021; Gambella et al., 2021)
» Score function f : X — R.



Score-based classifiers

(Carrizosa et al., 2021; Gambella et al., 2021)

» Score function f: X — R.

> Example: linear classifiers, f(x) = 87 x + b.
P Logistic regression

N



Score-based classifiers

(Carrizosa et al., 2021; Gambella et al., 2021)

» Score function f : X — R.

> Example: linear classifiers, f(x) = 87 x + b.
P Logistic regression

P Support Vector Machines (with linear kernel)




Score-based classifiers

(Carrizosa et al., 2021; Gambella et al., 2021)

» Score function f : X — R.

> Example: linear classifiers, f(x) = 87 x + b.
P Logistic regression

> Support Vector Machines (with linear kernel)
P> Additive trees (e.g. Random Forests, XGBoost, ...)




Score-based classifiers

(Carrizosa et al., 2021; Gambella et al., 2021)

» Score function f : X — R.

> Example: linear classifiers, f(x) = 87 x + b.
P Logistic regression

> Support Vector Machines (with linear kernel)
P> Additive trees (e.g. Random Forests, XGBoost, ...)

From Scores to Probabilities
» Probability of x being classified in the positive class:

P(x) = g(f(x)),
with g : 1 (link function)




Score-based classifiers

(Carrizosa et al., 2021; Gambella et al., 2021)

» Score function f : X — R.

> Example: linear classifiers, f(x) = 87 x + b.
P Logistic regression

> Support Vector Machines (with linear kernel)
P> Additive trees (e.g. Random Forests, XGBoost, ...)

From Scores to Probabilities
» Probability of x being classified in the positive class:

P(x) = g(f(x)),
with g : 1 (link function)

> Example: Logistic regression: g(t) = T<le—t (applied to a linear f)




Score-based classifiers

(Carrizosa et al., 2021; Gambella et al., 2021)
» Score function f: X — R.
> Example: linear classifiers, f(x) = 87 x + b.
P Logistic regression

P Support Vector Machines (with linear kernel)
P> Additive trees (e.g. Random Forests, XGBoost, ...)

From Scores to Probabilities

» Probability of x being classified in the positive class:

P(x) = g(f(x)),
with g : 1 (link function)
> Example: Logistic regression: g(t) = T<le—t (applied to a linear f)

> Example: SVM. g sigmoidal, (Benitez-Pefia et al., 2024; Platt, 1999), with
parameters estimated via maximum likelihood from a training sample, and f :
linear combination of kernels



Score-based classifiers

(Carrizosa et al., 2021; Gambella et al., 2021)
» Score function f: X — R.
> Example: linear classifiers, f(x) = 87 x + b.
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From Scores to Probabilities

» Probability of x being classified in the positive class:

P(x) = g(f(x)),
with g : 1 (link function)

> Example: Logistic regression: g(t) = T<le—t (applied to a linear f)

> Example: SVM. g sigmoidal, (Benitez-Pefia et al., 2024; Platt, 1999), with
parameters estimated via maximum likelihood from a training sample, and f :
linear combination of kernels

. c f Model valid for classification; also for
iy { (x)(},x), ) regression, (Carrizosa and
S x € X(xo) Navas-Orozco, 2025b)



Numerical approaches:

>

>

smooth optimization, e.g., (Joshi et al., 2019; Ramakrishnan et al., 2020;
Wachter et al., 2017; Motbhilal et al., 2020; Lucic et al., 2019)

mixed integer optimization, e.g., (Bogetoft et al., 2024; Carrizosa et al., 2024a,c;
Contardo et al., 2024; Cui et al., 2015; Fischetti and Jo, 2018; Kanamori et al.,
2020, 2021; Magagnini et al., 2025b; Maragno et al., 2022; Parmentier and Vidal,
2021; Russell, 2019)

multi-objective optimization, e.g., (Dandl et al., 2020; Del Ser et al., 2022;
Raimundo et al., 2022),

robust optimization, e.g., (Maragno et al., 2024; Virgolin and Fracaros, 2023),

heuristic and metaheuristic approaches, e.g., (Carrizosa and Navas-Orozco,
2025b; Guidotti et al., 2019; Karimi et al., 2021; Magagnini et al., 2025a;
Poyiadzi et al., 2020)



Beyond
Counterfactual
Explanations:

Robust CEs

(Magagnini et al., 2025a; Carrizosa
and Navas-Orozco, 2025a,b)



Uncertainty on the data

> Data points replaced by sets (e.g. convex compact sets symmetric w.r.t. the
record)

> For k-NN as prediction model, the Integer Programming formulation of
(Contardo et al., 2024) is extended in (Magagnini et al., 2025b), and solved with
a Gaussian Variable Neighborhood Search as in (Carrizosa et al., 2012).



Uncertainty in the model. Linear scoring function (GLM)
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Uncertainty in the model. Linear scoring function (GLM)
maxy mingep BT x
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x € X(xo0)

C(x0,x) <7
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maxy mingeg BT x
s.t. x € X(x0)
C(x0,x) < T

» Objective function: concave
» Subgradients at x obtained by solving mingcp BTx
» Cutting planes

The choice of B

Set of Maximum Likelihood Estimates 3 when the data distribution P is at “distance”
at most « from the empirical distribution Py,.

» Distributions P considered: those with same (finite) support as P, therefore
identified by the probability vector w

Dk (Pw, Puy) (Kullback-Leibler divergence)
Lu(B)
B = {arg maxg L.,(B) for some w, Dk; (Pu, Puy) < £}

Assumptions (strong concavity, coercivity, smoothness) are imposed on L, (3) to
have B well defined.

vVvyVvyy



. oT
min 3 x
BeB

miny, w BT x
s.t. B € argmaxg L (5)
DKL(PAw Pwo) <k



miny, e
s.t.

s AT
min X
BGB/B

BT x
VsLw(B) =0
D1 (Pw; Puy) < &



Communities and crime (Linear regression) k = 0,k = 1.



Breast cancer Wisconsin (Logistic regression) k = 0,k = 1.



Seoul bike sharing (Poisson regression) k =0,k = 1.



Beyond Counterfactual
Explanations:

Counterfactual Plans
(Carrizosa et al., 2025)
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Counterfactual Plans

Given
> a binary classification problem on X C R’, with classes {-+, —} (class +: the
good guys)
> a probabilistic classifier P : X — [0, 1], P(x) : probability of belonging to class +
> xp € X,
> probability threshold values 71 < 7 < ... < 7p,
find the changes (sequentially to some x := (x1, X2,...xg) € X(xg)) with minimum

cost C(xg, x) that cause xq to increase their probability from P(xq) to 71, then to m,
..., and finally to g

miny  C(xo,x)
s.t. P(x;) > 7 j=12,...,R
x € X(xo)
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Cost function C

C(x0, x) = Dissimilarity(xo, x) + Ac Complexity(xo, x),

» Dissimilarity(xo, x) = Zle wrm(o(xr — x,—1)), with wr > 0, 7 : convex 1 in Ry,
o : quantile gauge in R/

> Complexity(xo, x) = |{j : xrj # x-—1; for at least one r}

mine Y5 wer(o(xr — x,-1)) + /\Zle tj

s.t. f(x,) > g 1(m) r=1,2,...,R
(17tj)(x,jfx,,lj):o r=1,2,...,R, j=1,2,...,J
x € X(x0)
te{01} j=1,2...,J

Quadratic convex objective if
0o : £» and w(t) = t?




Logistic regression. R = 5 steps. COMPAS dataset.
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Collective Counterfactual Explanations

One-for-One Model

(Artelt and Gregoriades, 2024; Carrizosa
et al., 2024a,b; Warren et al., 2023)

miny  C(xq,x)
s.t. BT x, >1 r=1,2,...,R
x € X(x,)



S
C(xg,x) = Z Z wsT(os(Xr — Xs0))

s=1reRs

R
+Aind Z Z lIxso — xrllo + Agiob

r=1se8,

> Xy € i(&o) = Hs X(XOS)

max |Xsj, — Xr">
(r,sES, 70 g 1<j<p

0



C(xo, x)

s
= DD wem(os(xr — x0))

s=1reRs

R
+Xind D Y x50 = Xrllo + Agiob

max [xs, — Xr">
0 j
r=1seS, (r-,SESr 1sjsp

0

> xo € X(xg) = [, X(xo0s)

miny ¢ g*
s.t.

o1 wsm(s(xs — X50)) + Aind oy S0y &sj + Aglob S0y &
_ sjgsjgxsjo—xsjgl\/lsjgsj j=1,...,p,s=1,...,S

¢ €{0,1} s=1,...,S,j=1,...p

Efosj s=1,...,5,j=1,...p

gj?‘e{o,l} j=1...,p

BTxs > s=1,...,S

xs € X(xs0) s=1,...,S



s
Clxgx) = D> wem(os(xr — xs0))

s=1reRs

R
Fhing D D lIxso = Xrllo + Agiob

r=1seS,

max [Xg, — xq-\)
(rfsESr 1<i<p|lo

> xo € X(xg) =[] X(xos)

min;,&,&* 255:1 wsT(0s(Xs — Xs0)) + Nind 25:1 jf-’zl §sj + Aglob Zf:l Ef
s.t. = sjgstijo_ijSMsjgsj j=1...,p,s=1,...,S

& €{0,1} s=1,...,5,j=1,...p

EfZésj s=1,...,5j=1,...p

& e{01} j=1,...p

BTxs > s=1,...,S

xs € X(xs0) s=1,...,S

Assuming oo : £2, c(t) = t? and X, to be a bounded polyhedron with some
integer coordinates, problem above: Mixed Integer Convex Quadratic Model
with linear constraints




Counterfactual explanations for 10 instances Boston housing. Logistic regression and
random forest classifiers. Parameters \j,q = 0, Agiop = 0.2. The feature perturbations
are displayed.



Features that need to be perturbed (in red) for all the instances in the Boston
housing dataset. The classifier considered is a logistic regression model



One-for-Many Model
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Many-for-Many Model



Many-for-Many Model

(Kaufman and Rousseeuw, 1990)



R = 3 counterfactual explanations for all the instances in the Boston housing.
Logistic regression.
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We have proposed:

Unified approach to Counterfactual Explanations via Mathematical Optimization
> Applicable to benchmark classification and regression models such as GLMs,
SVM, RF, XGBoost ...
» Explanations for a single instance or for a collective of instances
> Different models for costs, searching sparsity

» Different interactions models

Optimization is crucial to address such problems. The structure of the prediction
model/space (not us!!!) will determine the techniques to be used
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